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Abstract: We describe embeddings of a single D3-brane in generic IIB supergravity
backgrounds when both electric and magnetic fields are turned on. As a particular
application, we describe a dyonic D3-brane in AdS5 × S1, dual to 1/4 BPS states of
N = 4 SYM.
Contents
1. Introduction 1
2. Dyonic D3-branes in generic backgrounds 2
2.1 Electric spike 3
2.2 Magnetic spike 3
2.3 Dyonic spike 3
3. Evaluating the action 4
3.1 Boundary terms 4
4. Examples 5
4.1 10 dimensional flat space 5
4.2 AdS5 × S1 space 5
4.3 Other backgrounds 6
5. Acknowledgements 7
1. Introduction
Besides the familiar 1/2 BPS states, the spectrum of N = 4 super Yang Mills contains
1/4 BPS states, that in some aspects have much more richer dynamics, since the balance
of forces is more delicate, and they can disappear from the spectrum as one varies the
vevs of the scalar fields. These states can be labelled by their charges under the
Abelian sector of the gauge group, and at least in some regime, can be pictured as
consisting of (at least) two 1/2 BPS cores, separated a certain distance. To construct
such configurations, one needs to turn on vevs for at least two scalar fields. Much of
what has been learned about these states comes from their realizations as (p, q)-string
junctions, joining at least three D3-branes in IIB string theory [1, 2, 3, 4].
In the context of AdS/CFT context, a possible way to represent open Wilson
lines associated to 1/2 BPS particles of N = 4 SYM is through particular D-branes
embedded in AdS5×S5. This was done for purely electric states in [5, 6], who found a
probe D3 brane embedded in AdS5 giving the D3 description of an straight open Wilson
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line for an electrically charged 1/2 BPS state; one can readily extend that description
to other 1/2 BPS states in the same SL(2,Z) orbit (see also [7] for a general realization
of 1/2 BPS Wilson lines in arbitrary representations, in terms of D5 or D3 branes). In
this note we generalize that solution, finding D3-brane solutions in AdS5 × S5 dual to
1/4 BPS states of N = 4 SYM. Not surprisingly, since the field configurations have
two scalars turned on, the new solutions are embedded in AdS5 × S1, rather than just
AdS5, as it was the case for 1/2 BPS states.
In fact, it is quite straightforward to describe these embeddings for a much broader
type of background: we consider a generic ansatz for a type IIB supergravity solution, of
which we are concerned only about a six dimensional part of the metric, and the 5-form
flux (we take the rest of the fields to vanish). We show that the equations of motion for
a dyonic D3 brane reduce to just the Laplace equation for a three dimensional space. In
this way, our ansatz applies to many other backgrounds beyond flat space or AdS5×S5.
Our results agree with and generalize those of [8], where solutions of the D3 brane were
found in the background of stacks of other D3 branes.
Finally we argue that in AdS5 × S1 the vev of these Wilson lines is 1, as it is the
case for other Wilson loops preserving 1/2 or 1/4 of the supersymmetry [9, 10, 11].
2. Dyonic D3-branes in generic backgrounds
We consider a IIB SUGRA 10d background with only metric and F5 turned on. Such
types of backgrounds have been studied in detail [12]. We are going to take a particular
ansatz, that as we will later discuss, arises in many IIB supergravity backgrounds
constructed from purely D3-branes. Actually, we focus only on a 6d part of the form
ds2 = H−1/2(−dt2 + gijdxidxj) +H1/2(du2 + dv2) + . . .
C(4) = H
−1dt ∧ dx1 ∧ dx2 ∧ dx3 (2.1)
H does not depend on t, xi. It may depend on u, v and perhaps other dimensions of the
10d background; we are not assuming that H is harmonic in some (perhaps transverse)
directions, although that will typicallly be the case. We always identify t, xi with the
world-volume coordinates, and our choice of C(4) is such that in the absence of any
world-volume excitations, the full action (Born-Infeld plus WZ term) vanishes. As we
are about to see, purely electric or magnetic D3-branes can be found embedded in a 5d
part of this metric, while dyonic D3 branes are embedded in the 6d background. The
computations that follow are a generalization of a number of works [13, 14, 15, 16, 8],
where particular choices for gij and/or H are made.
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2.1 Electric spike
We turn on u(xi) and F0i. The Born-Infeld determinant is (2πα
′ = 1)
−|G+ F | = H−2|g|+H−1|g|gij(uiuj − EiEj)− (∇u ∧ E)igij(∇u ∧ E)j (2.2)
The ansatz we take is
ui = Ei (2.3)
With this ansatz, it is easy to check that the equations for motion for Aµ and u both
boil down to a single equation
∂i
(√
|g|gijuj
)
= 0 (2.4)
This is the Laplace equation for the 3d manifold with metric gij. Solutions are multi-
center harmonic functions in the 3d xi space.
2.2 Magnetic spike
Now we turn on only v(xi) and the magnetic components of the electromagnetic tensor.
The Born-Infeld determinant is now
−|G + F | = H−2|g|+H−1(|g|gijvivj + gijBiBj) + (viBi)2 (2.5)
The ansatz we take is
vi =
gijB
j
√|g| (2.6)
One can check that with this ansatz the equation of motion for A0 boils down to
∇∧ (∇v) = 0
so it is satisfied trivially, while the equation of motion for v is the same as in the electric
case
∂i
(√
|g|gijvj
)
= 0 (2.7)
2.3 Dyonic spike
Encouraged by the simplicity of these ansatze, we want to study now 1/4 BPS dyonic
case, when both electric and magnetic fields are turned on the world-volume of the
D3-brane. As already pointed out in [15, 16, 8] for particular backgrounds, now one
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needs to turn on two scalar fields, so we allow for u(xi) and v(xi). The Born-Infeld
determinant is now
−|G+ F | = H−2|g|+H−1|g|gij(uiuj + vivj −EiEj) +H−1gijBiBj
+(∇u ∧∇v)igij(∇u ∧∇v)j − (∇u ∧ E)igij(∇u ∧ E)j − (∇v ∧ E)igij(∇v ∧ E)j+
H (E · (∇u ∧∇v))2 + (uiBi)2 + (viBi)2 − (E · B)2
(2.8)
The ansatz is the combination of the previous ones
ui = Ei vi =
gijB
j
√|g| (2.9)
A tedious computation shows that the equations of motion remain as in the previous
case
∂i
(√
|g|gijuj
)
= 0 ∂i
(√
|g|gijvj
)
= 0
3. Evaluating the action
The DBI+WZ lagrangian can be explicitly evaluated for these ansatze. Since the
electric and magnetic ones are special cases of the dyonic solution, we just give the
result for this case
LDBI+WZ = gijB
iBj√|g| (3.1)
We see that the bulk action depends only on the magnetic field, and it vanishes for
a purely electric solution. This does not conflict with electric-magnetic duality: the
equations of motion are EM dual, while the classical bulk action is not. As it is the
case of the evaluation of the action for electrically or magnetically charged black holes,
a boundary term added to the action can restore the duality [17].
3.1 Boundary terms
Apart from not being invariant under duality rotations, if we integrate the Lagrangian
density (3.1) over space, the result will be typically divergent (since everything is in-
dependent of t, the integral over t also yields a trivial divergence). Both problems are
taken of care by recalling that this bulk action has to be supplied with boundary terms
[18, 6]. For this ansatz one has that
∂L
∂ui
=
√
ggijuj
∂L
∂vi
=
√
ggijvj
∂L
∂Ei
= −√ggijEj
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so using (3.1) it follows that
L − ui ∂L
∂ui
− vi ∂L
∂vi
− Ei ∂L
∂Ei
= 0 (3.2)
i.e., if we Legendre transform with respect to the three variables u, v, A0, the full answer
is always zero.
4. Examples
4.1 10 dimensional flat space
Strictly speaking, this is not an example of the backgrounds we wrote down, since there
is no RR flux, and no WZ term in the action of the D3 brane. However, since the volume
element is constant the only difference is a constant in the action, and the equations
of motion we derived also apply in this case. On the other hand, the evaluation of the
action is affected by this lack of constant WZ term, and the final result is infinite.
The case of a single D3 brane in 10d flat space was first considered in [13, 14], who
discussed purely electric or magnetic D3 branes, turning on a single scalar field X9,
and generalized in [15, 16], who turned on two scalar fields X8,9(ξi), and an arbitrary
Fab, to describe 1/4 BPS dyons. The BPS bound can be written
E + iB = eiα∇(X8 + iX9)
where α is a constant arbitary phase. Setting α = 0 and identifying X8,9 with u, v
we see this is a particular case of our ansatz. The equations of motion are simply
∇2X8 = ∇2X9 = 0 so the most general solution for each is a multicenter harmonic
function. The two center solution
X =
q1
|~r − ~r1| +
q2
|~r − ~r2| Y =
g1
|~r − ~r1| +
g2
|~r − ~r2| (4.1)
was argued in [8] to correspond to a string junction in flat space.
4.2 AdS5 × S1 space
To find similar solutions in AdS5, one could start by putting a probe D3 in the back-
ground of two parallel stacks of D3s, such that the probe has one spike towards each
stack [8], and then take the near horizon of one of those stacks. It is perhaps easier to
find them directly in AdS5 × S1, as a particular case of our general ansatz. Consider
AdS5 × S1 in Poincare´ coordinates.
ds2 =
L2
y2
(dy2 − dt2 + d~x2) + L2dθ2 (4.2)
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In this coordinates, the fields we turn on are y(~x) and θ(~x). By the change of coordinates
u+ iv = e
iθ
y
, we bring this metric to the form (2.1) . The ansatz for the embedding can
be written as
2πα′
L2
( ~E + i ~B) = ~∇(U + iV ) (4.3)
which saturates the 1/4 BPS bound [8]. The equations of motion for the scalar fields
are simply
∇2U = ∇2V = 0 (4.4)
which has as generic solution
U(~x) + iV (~x) =
eiθ(~x)
Y (~x)
=
√
λ
4N
n∑
j=1
qj + igj
|~x− ~xj | (4.5)
As a first check, if we take n = 1, then θ(~x) is constant, and the solution is 1/2 BPS.
Furthermore, for arbitrary n, setting all gj = 0 or all qj = 0, we recover the D3 brane
description of respectively a set of n electric or magnetic 1/2 BPS parallel Wilson
lines, which can be embedded enterely in AdS5, since for those particular cases, θ(~x)
is constant. The same happens as long as all the charge vectors (qj, gj) are parallel
among themselves. On the other hand, if two charge vectors (qi, gi) and (qj , gj) are
non-parallel, the solution has a non-trivial θ(~x), corresponding to a 1
4
BPS dyon, and
it’s embedded in AdS5 × S1.
The bulk contribution to the action, given by the integral of (3.1), is divergent for
B 6= 0. For a purely electric spike, the bulk contribution is zero. It was argued in [6]
that in this case one has to Legendre transform with respect to u and A0, and these
two boundary terms cancel each other, as it follows also from (3.2) since in this case
v is not turned on. For a purely magnetic spike, the bulk term is not zero, but it gets
cancelled by the Legendre transform with respect to v. Finally for a a dyonic solution,
the bulk term is non-zero but after considering the Legendre transform with respect to
u, v and A0 the full action is zero.
4.3 Other backgrounds
The ansatz we took for a six dimensional piece of a ten dimensional IIB SUGRA
background (2.1) is realized by many other solutions, beyond flat space and AdS5×S5,
e.g. the backgrounds that desribe the Coulomb branch of N = 4 SYM [19] or even
backgrounds where the 3d metric gij is no longer δij , e.g. those corresponding to
intersecting D3-branes [20]. One issue that might be worth studying is whether one
can reproduce the lines of marginal stability for the 1/4 BPS states in the Coulomb
branch of N = 4, by considering these dyonic D3 branes in the backgrounds of [19].
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